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Charge qubits can be created and manipulated in solid-state double-quantum-dot (DQD) plat-
forms. Typically, these systems are strongly affected by quantum noise stemming from coupling to
substrate phonons. This is usually assumed to lead to decoherence towards steady states that are
diagonal in the energy eigenbasis. In this letter we show, to the contrary, that due to the presence of
phonons the equilibrium steady state of the DQD charge qubit may be engineered to display coher-
ence in the energy eigenbasis. The magnitude of the coherence can be controlled by tuning the DQD
parameters and regimes of high purity maybe found. In addition, we show that the steady-state
coherence can be used to drive an auxiliary cavity mode coupled to the DQD.
Introduction.— Preparation and coherent control of
qubit states is at the heart of many quantum technolo-
gies [1]. Undoubtedly, quantum coherence is the most
primordial non-classical effect and is the root of many
advantages displayed by quantum technologies over their
classical equivalents. One of the major challenges for
applications is to prepare a qubit in a state which has
a controllable amount of coherence with stability in the
long-time limit [2]. In real physical systems, quantum
coherence is usually a fragile property, which is eventu-
ally destroyed by the presence of a surrounding environ-
ment [3, 4]. It is therefore no surprise that a plethora
of strategies to preserve coherence have been conceived,
such as quantum error correction [5], dynamical decou-
pling [6] or feedback control [7]. All of these schemes are
to some degree an inevitable battle against decoherence.
Rather than fighting this battle, in this letter we high-
light a different counter-intuitive route to generate and
preserve coherence using quantum noise.
We specifically consider a semiconductor double-
quantum-dot (DQD) embedded on a substrate [8–14]
which realize a charge qubit coupled to a phononic bath
[15, 16]. It has been previously demonstrated that prop-
erties of the DQD may be used to extract information
about the phononic bath [8, 9]. In a recent experiment,
[10, 11], the DQD and substrate were coupled to an aux-
iliary optical cavity which was in turn used to exper-
imentally characterize the spectral density of the sub-
strate phonons. In this letter, we model the dynamical
evolution of these platforms and focus on their steady
state-properties. Remarkably, we find that the presence
of phonons autonomously drives the DQD charge qubit
to a steady state that has coherence in the energy eigen-
basis while retaining a significant degree of purity. This
surprising result finds its explanation in the particular
structure of the system-bath interaction [17]. Further-
more, the magnitude of steady-state coherence can be
controlled via experimentally tunable parameters. This
is proven through an explicit calculation and characteri-
zation of the steady state Bloch vector of the charge qubit
as a function of the controllable Hamiltonian parameters.
In addition to the obvious importance of generating
coherence for quantum information processing, there is
currently significant interest in harnessing coherence and
exploiting it a resource in other contexts [18]. In partic-
ular, coherence in the energy eigenbasis has been iden-
tified as one of the key features distinguishing quantum
thermodynamics from its classical counterpart [19–21].
For example, coherence may enhance the performance of
quantum refrigerators [22–24] and heat engines [25–27]
or be directly converted into work [28, 29]. To address
this point, we conclude the letter by showing that, in our
setup, the above phonon-induced steady-state coherence
of the DQD can in fact be exploited to drive a mode of
the surrounding cavity.
Autonomous generation of steady-state coherence.—
The main theoretical idea behind the autonomous gener-
ation of steady state coherence was first introduced and
explored in [17]. In that work, sufficient conditions con-
cerning the structure of the interaction Hamiltonian be-
tween a qubit and a bosonic bath were identified such
to lead to steady-state coherence. In particular, it was
shown that a spin-boson model with a Hamiltonian of
the form
Hˆ = ωq
2
σˆz +
∑
k
Ωk bˆ
†
k bˆk + (f1σˆz + f2σˆx)
∑
k
λk
(
bˆ†k + bˆk
)
(1)
autonomously leads to a non-zero steady-state value for
〈σˆx〉. Here, σˆx,y,z denote the usual Pauli spin operators
and f1, f2 6= 0 two generic coupling constants, bˆk is the
bosonic annihilation operator of the kth bath mode. The
results presented in this letter stem from the crucial ob-
servation that a semiconductor DQD in contact with a
phononic substrate is described exactly by a Hamiltonain
of the form Eq. (1).
The DQD charge-qubit.— The set-up we consider is
depicted schematically in Fig. 1. The DQD comprises
two fermionic modes with strong repulsive interaction be-
tween them. Substrate phonons are coupled to the elec-
tric dipole moment of the DQD. The full Hamiltonian
(Refs. [11, 13, 30]) is then given by Hˆ = HˆS + HˆSE + HˆE
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Figure 1. Schematic depiction of two quantum dots detuned
in energy by ε with inter-dot tunnelling tc and Coulomb re-
pulsion V , interacting with a substrate supporting phononic
excitations.
with
HˆS + HˆSE =
(ε
2
+ Bˆ
)
(nˆ1 − nˆ2) + tc
(
cˆ†1cˆ2 + cˆ
†
2cˆ1
)
+ V nˆ1nˆ2,
Bˆ =
∑
k
λk
(
bˆ†k + bˆk
)
, HˆE =
∑
k
Ωk bˆ
†
k bˆk. (2)
Here nˆ` = cˆ
†
` cˆ`, cˆ` is the fermionic annihilation operator
of the `th site and bˆk is the phononic annihilation oper-
ator of the kth mode of the bath. The experimentally
controllable parameters of the DQD are the detuning ε
and the hopping tc. The repulsive interaction between
the two sites is given by V , which is usually much larger
than any other energy scale in the regime of operation.
The operator Bˆ embodies the noisy detuning due to the
fluctuating phonon bath. Assuming that the latter is in
a thermal state relative to an inverse temperature β, i.e.
ρE = Z
−1
E exp(−βHˆE) (ZE = TrE(exp(−βHˆE))), the
noise is characterized by zero mean-value, i.e. 〈Bˆ(t)〉E =
0, and the auto-correlation function
〈Bˆ(t)Bˆ(0)〉E =
∫ ∞
0
dω [Ws(ω, β) cos(ωt)− iWa(ω) sin(ωt)]
Ws(ω, β) = Jph(ω) coth
(
βω
2
)
, Wa(ω) = Jph(ω), (3)
where Jph(ω) =
∑
k λ
2
kδ(ω −Ωk) is the spectral function
of the phononic bath and 〈...〉E = Tr(ρE ..). Then, in
above equation, Ws(ω, β) and Wa(ω) represent the sym-
metric and the anti-symmetric parts of the noise power
spectral density, respectively. The presence of Wa(ω) is
the hallmark of ‘quantum noise’ [31, 32]. Phenomenologi-
cally settingWa(ω) = 0 models ‘classical noise’. This, for
example, is approximately the case at high-temperatures,
where Wa(ω) is negligible compared to Ws(ω, β).
The DQD can be operated in the single-particle regime,
i.e., where nˆ1 + nˆ2 = 1. In this regime, the fermionic
operators can be exactly mapped to Pauli spin operators.
The resulting Hamiltonians for the DQD and the DQD-
phonon couplings become, in the eigenbasis of the DQD
Hamiltonian,
HˆS = ωq
2
σˆz, HˆSE = (cos θσˆz − sin θσˆx) Bˆ
ωq =
√
ε2 + 4t2c , cos θ =
ε
ωq
, sin θ =
2tc
ωq
(4)
The above equation describes a DQD charge qubit cou-
pled to a phononic bath. Whatever state the charge qubit
is prepared in, due to the phonons, the charge qubit re-
laxes to a unique steady state. To determine the lat-
ter, we notice that the above Hamiltonian shares exactly
the same form as Eq. (1). This means that in a solid
state DQD charge qubit, the presence of phonons can au-
tonomously generate coherence in the eigenbasis of the
system Hamiltonian. We now proceed to characterize
this steady-state-coherence and investigate their tunabil-
ity and engineering.
Steady-state properties.—The state of a qubit is com-
pletely characterized by the expectation values of the
three Pauli operators σˆx,y,z. In the long time limit, the
entire set-up will eventually reach an equilibrium steady-
state solution, so the charge current, which is propor-
tional to 〈σˆy〉, will be zero. We therefore calculate the
remaining expectation values of 〈σˆx〉 and 〈σˆz〉 in two dif-
ferent ways, both detailed in the Supplemental Material.
In the first method, a Redfield master equation is de-
rived for the time evolution of the DQD state, valid to
second order in HˆSE . The expectation values 〈σˆx〉 and
〈σˆz〉 follow from the steady-state solution of the master
equation. This gives the second order in HˆSE result for
〈σˆx〉, but zeroth order in HˆSE for 〈σˆz〉. [32, 33]. In the
second method, one assumes that the steady-state so-
lution for the DQD is obtained as the marginal of the
global equilibrium thermal state ρtot = Z−1 exp(−βHˆ)
(Z = Tr(exp(−βHˆ)). The desired expectation values
〈σˆx〉 = Tr[ρtotσˆx] and 〈σˆz〉 = Tr[ρtotσˆz] are then com-
puted using a perturbative expansion of ρtot up to second
order in HˆSE . This gives the same value for the coher-
ence 〈σˆx〉 as the master equation and a higher-order cor-
rection to the population inversion 〈σˆz〉[32]. Explicitly,
the results read as
〈σˆx〉 = − sin 2θ
ωq
[∆s(ωq, β)〈σˆz〉0 + ∆a(ωq)−∆a(0)] ,
(5)
〈σˆz〉 = 〈σˆz〉0 + sin2 θ
[
∆−(ωq) + ∆+(ωq)
− β
2
sech2
(
βωq
2
)
∆s(ωq, β)
]
,
where 〈σˆz〉0 = −Wa(ωq)/Ws(ωq, β) = − tanh (βωq/2)
and ∆s(ωq, β), ∆a(ωq) and ∆±(ωq, β) are
the principal value integrals defined below:
∆s(ωq, β) = P
∫∞
0
Ws(ω, β)
[
1
ω+ωq
− 1ω−ωq
]
,
∆a(ωq) = P
∫∞
0
dωWa(ω)
[
1
ω+ωq
+ 1ω−ωq
]
, ∆±(ωq, β) =
P ∫∞
0
dω
(ω±ωq)2 [〈σˆz〉0Ws(ω, β)±Wa(ω)] . These results
3show that if sin 2θ 6= 0, which corresponds to ε, tc 6= 0,
and if the noise is quantum, i.e., Wa(ω) 6= 0, we have
〈σˆx〉 6= 0. Thus, in this case, there will be coherence in
the eigenbasis of the system in steady state. If, on the
other hand, the noise were classical, i.e., Wa(ω) = 0,
we would obtain 〈σˆx〉 = 0 and there would be no
steady state coherence. This implies that, in the high-
temperature regime that corresponds to the classical
limit [31], no steady-state-coherence will be generated.
This can also be checked by taking β → 0 limit of the
above results. In the opposite limit of low temperatures,
βωq  1, the above formulae simplify to
〈σˆx〉 = −2 sin 2θ
∫ ∞
0
dω
Jph(ω)
ω(ω + ωq)
(6)
〈σˆz〉 = −1 + 2 sin2 θ
∫ ∞
0
dω
Jph(ω)
(ω + ωq)2
. (7)
The above equations show that, within this temperature
regime, the state of the DQD becomes temperature in-
dependent. Note, however, that these expressions are
only valid for temperatures well above the Kondo scale
TK , where our perturbative analysis is expected to break
down [34–36]. Nevertheless, TK is exponentially sup-
pressed by weak system-bath coupling, thus providing
a wide temperature regime where our results hold.
Numerical results.—Above, we have found that quan-
tum noise due to phonons can be used to generate coher-
ence in the energy eigenbasis of the DQD charge qubit
for non-zero detuning. This is shown in Fig. 2, where
the dynamics of 〈σˆx(t)〉 and 〈σˆy(t)〉 as obtained from
the quantum master equation is plotted for two differ-
ent cases showing the effects of decoherence (for ε = 0)
and coherence generation (for ε = 1). In numerical cal-
culations, we have taken the phonon spectral function
as
Jph(ω) = γbω
[
1− sinc
(
ω
ωc
)]
e−ω
2/2ω2max . (8)
The spectral functions of‘ phonons in solid state DQDs
have been well characterized theoretically and exper-
imentally and varies depending on the experimental
platform[8–11, 16]. Our chosen spectral function is
known to be a good description of bulk acoustic phonons
in GaAs DQDs [8, 9, 11]. The frequency ωc = cs/d,
where cs is the speed of sound in the substrate and d
is the distance between the two quantum dots. The fre-
quency ωmax is the upper cut-off frequency. The dimen-
sionless parameter γb controls the strength of coupling
with phonons. The validity of our theory requires that
γb  1. We have set ωc = 1 and used this as our unit of
energy.
In Fig. 3 we characterize the steady state of the qubit.
Since 〈σˆy〉 = 0, we characterize the steady state by cal-
culating 〈σˆx〉, and the radius of the Bloch vector
r =
√
〈σx〉2 + 〈σz〉2. (9)
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Figure 2. (color online) (a) Decoherence: Dynamics of 〈σˆx(t)〉
and 〈σˆy(t)〉 for ε = 0, starting from an initial state with co-
herence 〈σˆx(0)〉 = 0.2, 〈σˆy(0)〉 = −0.2, 〈σˆz(0)〉 = 0. Here the
final steady state has no coherence. (b) Coherence genera-
tion: Dynamics of 〈σˆx(t)〉 and 〈σˆy(t)〉 for ε = 1, starting from
a completely mixed initial state: 〈σˆx(0)〉 = 0, 〈σˆy(0)〉 = 0,
〈σˆz(0)〉 = 0. Here the final steady state has coherence. Other
parameters: tc = 0.5, γb = 0.03, ωmax = 10. All energies are
measured in units of ωc, which is set to 1.
While 〈σˆx〉 is a measure of coherence, r is a measure of
purity of the state. For a pure state r = 1, for a com-
pletely mixed state r = 0. The variation of 〈σˆx〉 and
r with different parameters of the DQD charge qubit is
shown in Fig. 3, demonstrating that steady-state coher-
ence persists with high purity across a range of temper-
atures and energy scales. The maximal value of 〈σˆx〉
can be achieved at low temperatures by setting the dots’
detuning to ε = ±2tc. The sign of the coherence can
be made positive or negative, depending on the sign
of sin 2θ = 4εtc/ω2q , as can also be seen directly from
Eq. (5). Interestingly, the coherence and purity remain
constant as the temperature grows up to values of order
kBT ∼ 0.1ωq, and then decay to zero as the temperature
is further increased. It should therefore be possible to
observe maximal phonon-induced steady-state coherence
in a DQD system at only moderately low temperatures.
Let us make an order-of-magnitude estimate in order
to demonstrate the feasibility of our proposal. We take
ωq = 0.5ωc, ε = 2tc and βωq = 10, corresponding to the
maximum coherence in Fig. 3. In GaAs, cs ≈ 3000m/s,
so that an inter-dot separation of d = 150nm yields
ωc ≈ 20GHz. Therefore, the maximal coherence is ob-
tained when ε ≈ 29µeV, tc ≈ 15µeV and T ≈ 50mK.
These parameters are completely within reach of current
experiments (for example, in Refs. [10, 11]). In exper-
imental set-ups, there will also typically be additional
fermionic leads coupled to the DQD, which can be used
to put a chemical potential bias driving the system out-
of-equilibrium. Our results here are for the equilibrium
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Figure 3. (color online) The figure shows the variation of 〈σˆx〉
and radius of Bloch sphere r with several parameters of DQD
charge qubit. (a) 〈σˆx〉 and 1 − r vs the detuning ε at fixed
hopping tc = 0.25 at low temperature, (b) 〈σˆx〉 and 1 − r vs
the hopping tc at fixed detuning ε = 0.5 at zero temperature,
(c) 〈σˆx〉 and 1− r vs θ at fixed ωq at zero temperature. The
vertical dashed lines in these plots correspond to ε = ±2tc.
(d) 〈σˆx〉 (top) and r (bottom) vs temperature 1/β at fixed θ =
pi/4 and for various chosen values of ωq. Other parameters:
γb = 0.03, ωmax = 10. All energies are measured in units of
ωc, which is set to 1.
case, and we have checked that having fermionic leads at
equal chemical potential does not change our results.
Application to driving a cavity.— As an application, we
now demonstrate that phonon-induced coherence may be
used to displace an auxiliary cavity mode. Let the charge
qubit be coupled to a cavity mode described by a Jaynes-
Cummings like interaction
HˆC = ω0aˆ†aˆ, HˆSC = g(σˆ+aˆ+ aˆ†σˆ−). (10)
Here ω0 is frequency of the cavity mode, aˆ is bosonic an-
nihilation operator for the cavity mode, g is the cavity-
DQD coupling strength and σˆ± = (σˆx ± iσˆy)/2. The
cavity will be further coupled with its own thermal envi-
ronment, leading to a decay rate κ.
If both the cavity-DQD coupling and the cavity decay
rate are small, and if the cavity is away from resonance
with the DQD (i.e, ωq 6= ω0), then we can obtain the
steady state results for the cavity up to leading order in
small quantities. The results for the expectation value of
the cavity field operator 〈aˆ〉 and the cavity occupation
〈aˆ†aˆ〉 to leading order are given by
〈aˆ〉 = − g
2(ω0 − iκ) 〈σˆx〉, 〈aˆ
†aˆ〉 ' 1
eβω0 − 1 +O(g
2),
(11)
while that for 〈aˆ2〉 = 0. Thus, it is immediately clear that
the coherence of the charge qubit causes displacement of
the cavity mode, given by 〈Xˆ〉 = 〈aˆ+ aˆ†〉 ' −2g〈σˆx〉/ω0.
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Figure 4. (color online) A cavity with a weak Jaynes-
Cummings coupling to the DQD will be displaced due to the
steady state coherence of the DQD. The figure shows plots
of real and imaginary parts of 〈aˆ〉, as a function of DQD pa-
rameter θ with other parameters fixed. Other parameters:
γb = 0.03, ωmax = 10. All energies are measured in units of
ωc, which is set to 1.
However, 〈aˆ†aˆ〉 is given by the Bose-Einstein distribu-
tion for the cavity, which ensures that no average pho-
ton current flows between the cavity and its own bosonic
thermal bath. This is consistent with the fact that en-
tire set-up is at thermal equilibrium. This means that
the variance of Xˆ is given by var(Xˆ) = 〈Xˆ2〉 − 〈Xˆ〉2 '
coth(βω0/2) + O(g
2). At low temperatures, βω0  1,
var(Xˆ) ' 1, which is the limiting value due to quantum
fluctuations. The cavity displacement 〈Xˆ〉, which may in
principle be experimentally measured [37], thus directly
probes the steady-state coherence of the DQD. In Fig. 4,
we show the real and imaginary parts of 〈aˆ〉 in steady
state as the DQD parameter θ is tuned. It is clear that
〈aˆ〉 is non-zero when 〈σˆx〉 is non-zero.
Conclusions and outlook.—We have theoretically
demonstrated that quantum noise due to phonons in
state-of-the-art DQD charge qubits generates steady-
state coherence in the energy eigenbasis of the qubit at
non-zero detuning. Due to the inherently dissipative na-
ture of this phenomenon, it represents an especially ro-
bust, yet surprisingly tunable, addition to the toolbox of
quantum state engineering for solid-state charge qubits.
Remarkably, the magnitude and sign of the coherence
can be controlled merely by manipulating the Hamilto-
nian parameters of the DQD, while retaining high purity.
Aside from the intrinsic interest of generating quantum
coherence, the resulting steady states represent useful re-
sources in various contexts. As a simple example, we have
shown that the qubit coherence in turn generates optical
coherence in a cavity mode that is weakly coupled to the
DQD.
We emphasize that the physics described here is a gen-
eral property of spin-boson models of the type in Eq. 4.
Such models can generically be used to describe dissipa-
5tive two-level systems, and can be engineered in various
platforms (for examples, see Refs. [38, 39] and citations
therein). The DQD charge qubit provides an especially
promising example, since the required parameter regime
corresponds to current state-of-the-art experiments [10–
14]. Future work will focus on a full characterization
of thermodynamic properties of the setup including an
analysis of the relation between irreversible entropy pro-
duction and coherence [40, 41] which will shed light on
the thermodynamic cost of generating steady state co-
herence.
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1Supplemental Material: Tunable phonon-induced steady-state coherence in a double
quantum dot
FROM FERMIONS TO QUBIT
The full Hamiltonian of the set-up consisting of the DQD and the phononic bath is given by
HˆS = ε
2
(nˆ1 − nˆ2) + V nˆ1nˆ2 + tc
(
cˆ†1cˆ2 + cˆ
†
2cˆ1
)
, HˆSE = (nˆ1 − nˆ2)
∞∑
k=1
λk
(
bˆ†k + bˆk
)
, (S1)
HˆE =
∞∑
k=1
Ωk bˆ
†
k bˆk, Hˆ = HˆS + HˆSE + HˆE .
Here nˆ` = cˆ
†
` cˆ`, and cˆ` is the fermionic annihilation operator of the `th site and bˆk is the phononic annihilation operator
of the kth mode of the bath. The DQD Hamiltonian can be diagonalized by the transforming to the fermionic operators
Aˆα, which are related to cˆ` via the following transformaiton,(
Aˆ1
Aˆ2
)
= Φ
(
cˆ1
cˆ2
)
, Φ =
(
cos(θ) sin(θ)
− sin(θ) cos(θ)
)
, θ =
1
2
tan−1
(
2tc
ε
)
. (S2)
In the transformed basis, the system Hamiltonian is given by,
HˆS = ωq
2
(Nˆ1 − Nˆ2) + V Nˆ1Nˆ2, ωq =
√
ε2 + 4t2c , (S3)
where Nˆα = Aˆ†αAˆα. In the eigenbasis of the DQD, the DQD-phonons coupling is given by
HˆSE = 1
ωq
[
ε(Nˆ1 − Nˆ2)− 2tc(Aˆ†1Aˆ2 + Aˆ†2Aˆ1)
] ∞∑
s=1
λk
(
bˆ†k + bˆk
)
, (S4)
where Nˆ` = Aˆ
†
`Aˆ`. Note that coupling with the phononic bath HˆSE is such that the total number of fermions is
conserved,
Nˆ = nˆ1 + nˆ2 = Nˆ1 + Nˆ2, [Nˆ , HˆS + HˆSE + HˆE ] = 0. (S5)
SinceNˆ1Nˆ2 = Nˆ
2−Nˆ
2 , Nˆ1Nˆ2 is also a conserved quantity. We will assume that the initial state ρ
DQD
tot is such that there
is only one fermion in the DQD,
Nˆ = 1, Nˆ1Nˆ2 = 0 (S6)
With this constraint, we exactly have
σˆz = Nˆ1 − Nˆ2, σˆx = Aˆ†1Aˆ2 + Aˆ†2Aˆ1, (S7)
where σˆz and σˆx are the usual Pauli spin operators. So, we can exactly transform HˆS and HˆSE to
HˆS = ωq
2
σˆz, ωq =
√
ε2 + 4t2c , HˆSE =
[
f1σˆz + f2σˆx
] ∞∑
s=1
λk
(
bˆ†k + bˆk
)
, f1 =
ε
ωq
≡ cos(θ), f2 = −2tc
ωq
= − sin(θ).
(S8)
This is the Hamiltonian of the charge qubit.
OBTAINING STEADY STATE RESULTS FOR DQD FROM QUANTUM MASTER EQUATION
The general Redfield Quantum Master Equation and quantum noise
To obtain the NESS results for DQD-unit without the cavity-unit, we will take the approach of the Redfield
Quantum Master Equation (RQME). For an arbitrary set-up of a system connected to a bath, the full set-up can be
taken as isolated and described via the full system+bath Hamiltonian
Hˆ = HˆS + HˆSE + HˆE , HˆSE = SˆBˆ (S9)
2Here HˆS is the system Hamiltonian, HˆE and HˆSE is the system-bath coupling Hamiltonian, Sˆ is some system operator
and Bˆ is some bath operator and  is a small parameter controlling the strength of system-bath coupling. The initial
density matrix of the set-up ρtot(0) is considered to be in product form ρtot(0) = ρ(0)⊗ ρB , where ρ(0) is some initial
state of the system, and ρB is the initial state of the bath which is taken to be the thermal state with respect to the
bath Hamiltonian. The Redfield Quantum Master Equation (RQME) is obtained by writing down the equation of
motion for the reduced density matrix of the system up to O(2) under Born-Markov approx. If 〈Bˆ`〉B = 0, where
〈...〉B refers to the average taken only with respect to bath, is satisfied initially, then, the RQME is given by
∂ρ
∂t
= i[ρ, HˆS ]− 2
∫ ∞
0
dt′
{
[Sˆ, Sˆ(−t′)ρ(t)]〈Bˆ(t′)Bˆ(0)〉B + [ρ(t)Sˆ(−t′), Sˆ]〈Bˆ(0)Bˆ(t′)〉B
}
, (S10)
where Sˆm(t) = eiHˆStSˆme−iHˆSt, Bˆm(t) = eiHˆEtBˆme−iHˆEt. This gives the leading order dissipative term. The evolution
equation for expectation value of any system operator Oˆ is given by
d〈Oˆ〉
dt
=− i〈[Oˆ, HˆS ]〉− ∫ ∞
0
dt
〈
[Oˆ, Sˆ]SˆI(−t)〉〈Bˆ(t)Bˆ(0)〉B + ∫ ∞
0
dt
〈
SˆI(−t)[Oˆ, Sˆ]〉〈Bˆ(0)Bˆ(t)〉B , (S11)
where 〈...〉 = Tr(ρ...). Note that if system-bath coupling Hamiltonian is O(), the dissipative part of RQME is O(2).
This means, following Ref. [33], the Redfield equation gives results which are correct to O(2) for the off-diagonal
elements of ρ in the eigenbasis of the HˆS , while it gives results correct to O(0) for the off-diagonal elements of the ρ
in the eigenbasis of the HˆS .
Note that, assuming Bˆ is Hermitian, the dissipative part in Eqs. S10 and S11 depend on the bath correlation
functions 〈Bˆ(t)Bˆ(0)〉B and its Hermitian conjugate. This correlation function has the meaning of an effective noise
that the system experiences due to the bath. Noise is characterized by its power spectral density, defined as the
Fourier transform of 〈Bˆ(t)Bˆ(0)〉B ,
W (ω) =
∫ ∞
−∞
dt
2pi
eiωt〈Bˆ(t)Bˆ(0)〉B ,
⇒ 〈Bˆ(t)Bˆ(0)〉B =
∫ ∞
−∞
dωW (ω)e−iωt =
∫ ∞
0
dω [Ws(ω) cos(ωt)− iWa(ω) sin(ωt)] , (S12)
Ws(ω) =
W (ω) +W (−ω)
2
, Wa(ω) =
W (ω)−W (−ω)
2
Here, in the second line, we have broken the inverse Fourier transform into symmetric (Ws(ω)) and anti-symmetric
parts (Wa(ω)) with respect to ω. If the anti-symmetric part Wa(ω) = 0, then, we see from above equation that
〈Bˆ(t)Bˆ(0)〉B is real. This would mean that [Bˆ(t), Bˆ(0)] = 0. So, as far as the noise of the system is concerned,
Bˆ(t) will no longer behave as an operator, but as a classical variable. If, on the other hand, [Bˆ(t), Bˆ(0)] 6= 0, then
〈Bˆ(t)Bˆ(0)〉B will have a complex part. Hence, for such a case, Wa(ω) 6= 0. Thus, existence of the anti-symmetric part
of the power-spectral density is a necessary signature of the quantum nature of the noise coming from the environment
Ref. [31]. In the following, we will see that it is the quantum nature of the noise coming from the bath in our set-up
that leads to steady-state-coherence.
Steady-state-coherence in the charge qubit due to quantum noise
We now simply use Eqs. S11, S10 for our set-up of interest, the charge qubit given in Eq. S8. Comparing Eq. S9
and Eq. S8, we see that
Sˆ =
[
f1σˆz + f2σˆx
]
, Bˆ =
∞∑
s=1
λk
(
bˆ†k + bˆk
)
. (S13)
We define the spectral function of the phonon bath
Jph(ω) =
∞∑
k=1
λk
2δ(ω − Ωk). (S14)
3The effective noise correlation from the bath can be written as
〈Bˆ(t)Bˆ(0)〉B =
∫ ∞
0
dωJph(ω)
[
coth
(
βω
2
)
cos(ωt)− i sin(ωt)
]
(S15)
Comparing above equation with Eq. S12, we see that
Ws(ω, β) = Jph(ω) coth
(
βω
2
)
, Wa(ω) = Jph(ω), (S16)
where we have added to argument β to the definition of symmetric part ofW (ω) to make the temperature dependence
explicit. So, the phononic bath acts as an effective a quantum noise on the system. This is essentially the quantum
part of the charge noise. Now, we define the following function
FB(ωq) =
∫ ∞
0
dte−iωqt〈Bˆ(t)Bˆ(0)〉B , (S17)
where ωq is the qubit frequency in Eq. S8. Using Eqs. S15 and S16, FB(ωq) can be evaluated as
FB(ωq) =
pi
2
[Ws(ωq, β)−Wa(ωq)]− i1
2
[∆s(ωq, β) + ∆a(ωq)]
∆s(ωq, β) = P
∫ ∞
0
dωWs(ω, β)
[
1
ω + ωq
− 1
ω − ωq
]
, ∆a(ωq) = P
∫ ∞
0
dωWa(ω)
[
1
ω + ωq
+
1
ω − ωq
]
. (S18)
In terms of the functions defined above, the evolution expectation values of 〈σˆx〉, 〈σˆy〉, 〈σˆz〉 can be written down using
Eq. S11,
d〈σˆx〉
dt
= −ωq〈σˆy〉+ 2pif1f2 (Ws(ωq, β)〈σˆz〉+Wa(ωq))
d〈σˆy〉
dt
=
(
ωq + 2f
2
2 ∆s(ωq)
) 〈σˆx〉 − 2pif22Ws(ωq, β)〈σˆy〉+ 2f1f2∆s(ωq) + 2f1f2 [∆s(ωq, β)〈σˆz〉+ ∆a(ωq)−∆a(0)]
d〈σˆz〉
dt
= −2pif22 (Ws(ωq, β)〈σˆz〉+Wa(ωq)) . (S19)
The steady state solution is obtained by setting the LHS of the above equations to zero. Thus, we obtain the steady
state solutions up to leading order in system-bath coupling,
〈σˆz〉0 = − Wa(ωq)
Ws(ωq, β)
= − tanh
(
βωq
2
)
, 〈σˆy〉 = 0, 〈σˆx〉 = 2f1f2
ωq
[∆s(ωq, β)〈σˆz〉+ ∆a(ωq)−∆a(0)] , (S20)
where we have used 〈σˆz〉0 to highlight that this is the zeroth order result in system-bath coupling, while 〈σˆx〉 and 〈σˆy〉
are second order in system-bath coupling. The above equations show very interesting physics. If the charge noise was
classical, Wa(ω) = ∆a(ω) = 0. In that case, we would have 〈σˆz〉0 = 〈σˆy〉 = 〈σˆx〉 = 0 in the steady state. So a classical
charge noise would take any given initial state of the system to a completely mixed state. If, on the other hand, the
noise from the environment is quantum, as in our case, 〈σˆx〉 6= 0 in the steady state. So, no matter what state the
system was in initially, in the steady state, coherence will be generated due to the quantum noise coming from the
environment.
As mentioned before, the second order perturbative quantum master gives the the diagonal elements of the density
matrix correct to zeroth order. So, in above equation we get 〈σˆz〉0 = − tanh
(
βωq
2
)
, which is the zeroth order result.
At low temperatures, this essentially violates the necessary condition for a qubit that r =
√〈σˆx〉2 + 〈σˆy〉2 + 〈σˆz〉2 ≤ 1.
So, for the results to be meaningful, we need to calculate the second order correction to 〈σˆz〉. This can be done by
deriving the quantum master equation up to higher order. However, that is quite cumbersome. So, instead, we use
the fact that the steady state of the system in equilibrium should be given by the marginal of the global thermal state,
i.e., ρ = TrB(exp(−βHˆ)/Z), where Hˆ is the total Hamiltonian of the set-up (see Eq. S1). In the next section, we
calculate 〈σˆx〉 and 〈σˆz〉 by perturbative expansion of global thermal state. We show that 〈σˆx〉 obtained is the same
as Eq. S20, while we can obtain the next order correction to 〈σˆz〉.
4DQD RESULTS FROM PERTURBATION EXPANSION OF A GLOBAL THERMAL STATE
perturbation expansion of a global thermal state
Let us write the total Hamiltonian as Hˆ = HˆS + HˆE + HˆSE , where
HˆS = ωq
2
σˆz, (S21)
HˆE =
∑
k
Ωk bˆ
†
k bˆk, (S22)
HˆSE = (f1σˆz + f2σˆx)
∑
k
λk
(
bˆk + bˆ
†
k
)
. (S23)
Our goal is to compute the reduced density matrix
ρS = TrB
[
e−βHˆ
Z
]
, (S24)
up to second order in HˆSE , where Z = Tr[e−βHˆ]. For this purpose, let us define Xˆ(β) = eβHˆ0e−βHˆ, where Hˆ0 =
HˆS + HˆE . This is the solution of the differential equation
∂Xˆ
∂β
= −H˜SE(β)Xˆ(β), (S25)
where H˜SE(β) = eβHˆ0HˆSEe−βHˆ0 . Using the boundary condition Xˆ(0) = 1, this equation has a well-known solution
in terms of a time-ordered exponential:
Xˆ(β) = T exp
[
−
∫ β
0
dτ H˜SE(τ)
]
. (S26)
Truncating this at second order in H˜SE , we find
Xˆ(β) ≈ 1−
∫ β
0
dτ H˜SE(τ) +
∫ β
0
dτ
∫ τ
0
dτ ′ H˜SE(τ)H˜SE(τ ′). (S27)
We now recover the equilibrium density matrix from the identity
e−βHˆ =
1
2
[
e−βHˆ0Xˆ(β) + Xˆ†(β)e−βHˆ0
]
, (S28)
which enforces hermiticity of the density matrix even with the approximated expression (S27).
Now, let us define the bare expectation value 〈•〉0 = Tr[•e−βHˆ0/Z0], where Z0 = Tr[e−βHˆ0 ] is the bare partition
function, which factorizes into system and bath contributions ZS,B = Tr[e−βHˆS,B ].. We also write HˆSE = SˆBˆ, where
Sˆ = f1σˆz + f2σˆx and Bˆ =
∑
k gk(bˆk + bˆ
†
k). Since TrB [HˆSEe−βHˆ0 ] = 0, we obtain the approximate partition function
Z ≈ Z0
[
1 +
∫ β
0
dτ
∫ τ
0
dτ ′ Re
〈
H˜SE(τ)H˜SE(τ ′)
〉
0
]
. (S29)
Similarly, we obtain the numerator of Eq. (S24) as
TrB
[
e−βHˆ
]
≈ ZBe−βHˆS + ZB
2
∫ β
0
dτ
∫ τ
0
dτ ′
[
e−βHˆS S˜(τ)S˜(τ ′)
〈
B˜(τ)B˜(τ ′)
〉
0
+ h.c.
]
, (S30)
where S˜(τ) = eτHˆS Sˆe−τHˆS , B˜(τ) = eτHˆE Bˆe−τHˆE . Dividing one by the other, we get the following result at second
order:
ρS =
e−βHˆS
ZS
[
1−
∫ β
0
dτ
∫ τ
0
dτ ′ φ(τ − τ ′) Re
〈
S˜(τ)S˜(τ ′)
〉
0
]
+
1
2
∫ β
0
dτ
∫ τ
0
dτ ′ φ(τ − τ ′)
[
e−βHˆS
ZS
S˜(τ)S˜(τ ′) + h.c.
]
.
(S31)
Here we defined the bath correlation function φ(τ − τ ′) = 〈B˜(τ)B˜(τ ′)〉.
5Results for the DQD
In our set-up φ(τ − τ ′) is given explicitly by
φ(τ) =
∫ ∞
0
dω
2pi
J(ω) [coth(βω/2) cosh(ωτ)− sinh(ωτ)] . (S32)
Furthermore, the relevant product of system operators is given by
S˜(τ)S˜(τ ′) = f21 + f
2
2 cosh[ωq(τ − τ ′)] + f22 sinh[ωq(τ − τ ′)]σˆz
+ f1f2[sinh(ωqτ
′)− sinh(ωqτ)]σˆx + if1f2[cosh(ωqτ ′)− cosh(ωqτ)]σˆy. (S33)
We thus find that 〈
S˜(τ)S˜(τ ′)
〉
0
= f21 + f
2
2 cosh[ωq(τ − τ ′)]− f22 tanh(βωq/2) sinh[ωq(τ − τ ′)]. (S34)
Using the above results, it is straightforward to deduce that 〈σˆy〉 = 0. Note that the hermitian conjugate term in
Eq. (S31) is essential to obtain this result. For the relevant steady-state coherence, we find
〈σˆx〉 = f1f2
∫ β
0
dτ
∫ τ
0
dτ ′φ(τ − τ ′) {tanh(βωq/2)[cosh(ωqτ)− cosh(ωqτ ′)]− [sinh(ωqτ)− sinh(ωqτ ′)]} ,
(S35)
It can be checked that after plugging in Eq. (S32) and carrying out the imaginary-time integrals explicitly, we obtain
the same result as in Eq. S20. We also obtain a correction to the bare population inversion 〈σˆz〉0 = − tanh(βωq/2)
given by
〈σˆz〉 − 〈σˆz〉0 = f22 sech2(βωq/2)
∫ β
0
dτ
∫ τ
0
dτ ′ φ(τ − τ ′) sinh[ωq(τ − τ ′)],
= 2f22
∫
dω
2pi
Jph(ω)
coth(βω/2)
[
2(ω2 + ω2q ) tanh(βωq/2) + βωq(ω
2 − ω2q )sech2(βωq/2)
]− 4ωωq
(ω2 − ω2q )2
. (S36)
Defining the following functions,
∆±(ωq, β) = P
∫ ∞
0
dωJph(ω)
(ω ± ωq)2
[
tanh(
ωqβ
2
) coth(
ωβ
2
)± 1
]
, (S37)
the final result in Eq. S36 can be simplified to
〈σˆz〉 = − tanh
(
βωq
2
)
+ f22
[
∆−(ωq, β) + ∆+(ωq, β)− β
2
sech2
(
βωq
2
)
∆s(ωq, β)
]
. (S38)
Here ∆s(ωq, β) is as defined in Eq. S18.
CALCULATIONS FOR THE AUXILIARY CAVITY
We consider a cavity which is coupled to the DQD charge qubit via a Jaynes-Cummings type coupling, and also
with its own thermal bosonic bath,
Hˆc = ω0aˆ†aˆ, Hˆc−DQD = g(σˆ+aˆ+ aˆ†σˆ−),
HˆB =
∞∑
r=1
ΩrBˆ
†
rBˆr, Hˆc−B =
∞∑
r=1
κr(a
†Bˆr + Bˆ†ra) (S39)
and σˆ± = (σˆx ± iσˆy)/2.
Assuming the spectral density of the bosonic bath of the cavity is reasonably flat, we have equation of motion for
the cavity field operator
daˆ
dt
= −(iω0 + κ)aˆ− iξˆ − igσˆ−, (S40)
6where κ gives the cavity decay rate, and ξˆ is the thermal ‘noise’ operator coming from the bosonic environment having
the properties
〈ξˆ(t)〉 = 0, 〈ξˆ†(t1)ξˆ(t2)〉 =
∫ ∞
0
dω
2pi
κnB(ω)e
iω(t1−t2), nB(ω) =
1
eβω − 1 . (S41)
The formally exact equation for motion for σˆ− is given by
σˆ−(t) = ξˆσ(t) + ig
∫ t
0
dt′e−i(ωq+Γ)(t−t
′)σˆz(t
′)aˆ(t′),
ξˆσ(t) = σˆ−(t)|g=0 (S42)
where we have introduced the parameter Γ, the inverse of which gives the time to reach steady state for the qubit in
absence of the cavity. Replacing this in Eq. S40, we have
daˆ
dt
= −(iω0 + κ)aˆ− iξˆ − igξˆσ(t) + g2
∫ t
0
dt′e−i(ωq+Γ)(t−t
′)σˆz(t
′)aˆ(t′). (S43)
Until this point, everything is exact. Now we make two approximations: (a) the cavity-DQD coupling is small, i.e,
g  ω0, ωq, (b) the DQD-phonon coupling is also small, which translates into Γ ωq. To keep track of the order of
small terms, we introduce a small paramter ,
g → g, Γ→ 2Γ. (S44)
We will obtain our result up to O(2). We will also assume that we are away from resonance and ω0 < ωq. We will
also consider t ε2Γ, κ. With these approximations, we have up to O(2),
daˆ
dt
= −(iω0 + κ)aˆ− iξˆ(t)− igξˆσ(t) + 2g2aˆ〈σˆz(t)〉 
2Γ− i(ωq − ω0)
4Γ2 + (ωq − ω0)2 . (S45)
Here we have used the fact that σˆz(t′) = σˆz(t)+O(2), aˆ(t′) = aˆ(t)eiω0(t−t
′)+O(2), replaced σˆz(t) with its expectation
value 〈σˆz(t)〉, because σˆz(t) is a conserved quantity to the leading order. For t  2Γ, 〈σˆz(t)〉 = 〈σˆz〉, where 〈σˆz〉 is
the steady state expectation value of σˆz in absence of cavity. So we have,
daˆ
dt
= −(iωeff0 + κeff )aˆ− iξˆ(t)− igξˆσ(t)
ωeff0 = ω0 − 2g2〈σˆz〉ss
ωq − ω0
4Γ2 + (ωq − ω0)2 (S46)
κeff = κ+ 2g2〈σˆz〉ss 
2Γ
4Γ2 + (ωq − ω0)2 .
Away from resonance, i.e, for ωq 6= ω0, we have ωeff ' ω0 and κeff ' κ. Taking expectation value, we have
d〈aˆ(t)〉
dt
= −(iω0 + κ)〈aˆ(t)〉 − ig〈σˆ−〉, (S47)
where we have used the fact that 〈ξˆσ(t)〉 = 〈σˆ−(t)|g=0〉 = 〈σˆ−〉 for t 2Γ. Here, 〈σˆ−〉 is the steady state expectation
value of σˆ− in absence of cavity. This gives the steady state expectation value of the cavity-field operator as
〈aˆ〉 = − g
ω0 − iκ 〈σˆ−〉. (S48)
In the steady state of the qubit, we have 〈σˆ−〉 = 〈σˆx〉/2. So, we get,
〈aˆ〉 = − g
2(ω0 − iκ) 〈σˆx〉. (S49)
We can write down the formal solution of Eq. S46,
aˆ(t) =e−(iω0+κ)taˆ(0)− i
∫ t
0
dt′e−(iω0+κ)(t−t
′)
(
ξˆ(t′) + igξˆσ(t′)
)
. (S50)
7The formal solution for aˆ†(t) is given by the hermitian conjugate of the above equation. Now, we note that
〈ξˆ†σ(t1)ξˆσ(t2)〉 = 〈σ+σ−〉eiωq(t1−t2) +O(2). (S51)
Multiplying Eq. S50 by its hermitian conjugate, taking expectation value and using above equation, we get the
steady-state value of the cavity occupation,
〈aˆ†aˆ〉 = 2g2 (1 + 〈σˆz〉)
2(κ+ i(ω0 − ωq)) +
∫ ∞
0
dω
pi
nB(ω)κ
(ω − ω0)2 + κ2 . (S52)
It can be checked using similar steps that 〈aˆ2〉 = 0. In the steady-state of the qubit, 〈σˆz〉 = −1 +O(2). This means,
leading order contribution to cavity occupation from the DQD is zero. So, we have
〈aˆ†aˆ〉 =
∫ ∞
0
dω
pi
nB(ω)κ
(ω − ω0)2 + κ2 , (S53)
which is essentially the occupation corresponding to the global thermal state of the cavity and the bosonic bath. This
guarantees that there is no current of photons between the cavity and the bosonic bath. This is consistent with the
fact that the entire set-up is in thermal equilibrium. For small κ, 〈aˆ†aˆ〉 = nB(ω0).
